Abstract. Inspired by the realignment or computable cross norm criterion, we present a new result about the characterization of quantum entanglement. Precisely, a new class of necessary conditions for the separability of bipartite quantum states, that generalize the realignment criterion, are derived. We conjecture that these new conditions -that form an infinite set of criteria -are independent, in general, of the original realignment criterion.
Introduction
Entanglement is a very peculiar and essential feature of quantum theory, as recognized since the early stages of development of the theory by Einstein, Podolsky and Rosen [1] , and by Schrödinger [2] [3] (who introduced the german term 'Verschränkung' and translated it into English as 'entanglement'). Recently, entanglement has been investigated with a renewed interest motivated by ideas and applications stemming from the field of quantum information science [4] . Indeed, nowadays quantum entanglement is not only regarded as a fundamental key for the interpretation of quantum mechanics but also as an important resource for quantum information, communication and computation tasks [5] . However, despite the great efforts made by the scientific community in the past decades, there are still several open issues regarding the mathematical characterization of entangled quantum states: the study of bipartite entanglement is already a difficult, extensive and rapidly evolving subject, even in the case of quantum systems with a finite number of levels, and multipartite entanglement is still a rather obscure matter (see, for instance, the review papers [6, 7] and references therein). In the present contribution, our discussion will be restricted to the case of bipartite systems with a finite number of levels.
According to the definition due to Werner [8] , entangled (mixed) states differ from separable states since they cannot be prepared using only local operations and classical communication; hence, they may exhibit non-classical correlations. In mathematical terms, a mixed stateρ -a positive (trace class) operator of unit trace -in a composite Hilbert space H = H A ⊗ H B is called separable if it can be represented as a convex sum of product states (the sum converging with respect to the trace norm):
with p i > 0 and i p i = 1; otherwise,ρ is said to be entangled. We remark that, ifρ is a separable state, decomposition (1) -a separability decomposition of the stateρ -is in general not unique, and it can be assumed to be a finite sum. The smallest number of terms in the sum (usually called cardinality of the separable stateρ) is not larger than the squared dimension of the total Hilbert space of the system H (see [9] ). Since quantum entanglement, as already mentioned, is a very important subject (also in view of its potential applications), separability criteria are precious (and somewhat edgy) tools. As far as we know, separability criteria found so far fall into two classes: on one hand, criteria based on both necessary and sufficient conditions, but not practically implementable; on the other hand, criteria that are relatively easy to apply, but rely on only necessary, or only sufficient, conditions. Among necessary and sufficient criteria, we mention the 'positive maps criterion' [10] , which leads to the 'Peres-Horodecki criterion' [10, 11] for 2 × 2 and 2 × 3 bipartite systems (in these special cases, we have an operational necessary and sufficient criterion), and the 'contraction criterion' [12] . Among necessary conditions for separability (or, equivalently, sufficient conditions for entanglement), it is worth mentioning the celebrated 'PPT criterion' [11] (which, in the special cases of 2×2 and 2×3 bipartite systems, is precisely the Peres-Horodecki necessary-sufficient criterion), the 'reduction criterion' [13, 14] , the 'majorization criterion' [15] , and the criterion that was proposed in [16] with the name of 'realignment criterion' (RC) and in [17] with the name of 'computable cross norm criterion', which will be central in the present contribution.
In this paper, we reconsider the RC and, using essentially the same tools that allow to prove this criterion, we obtain a whole new class of separability criteria for bipartite quantum systems that generalize the RC. These criteria share with the RC the important property of being easily implementable. We conjecture that they are, in general, independent of the original RC. This conjecture is supported by the fact that, in a particular case, one recovers a separability criterion which is the main result obtained in ref. [18] , where it is also shown that this new criterion is actually stronger than the standard RC.
The paper is organized as follows. In Sect. 2, the RC is reviewed starting from the Schmidt decomposition of pure states. In Sect. 3, by an argument analogous to the one that allows to prove the RC, we derive a new class of separability criteria. Finally, in Sect. 4, a few conclusions are drawn.
From the Schmidt decomposition to the realignment criterion
Aim of the present section is to review some known facts about the realignment criterion (RC) for bipartite quantum systems. We will try, in particular, to highlight the relation between the Schmidt decomposition [19] of a bipartite (pure or mixed) state and the RC. This relation will be our starting point for establishing novel separability criteria related to the RC.
Let us consider a bipartite quantum system with carrier Hilbert space H = H A ⊗ H B , with H A ∼ = N A and H B ∼ = N B , where we assume that 2 ≤ N A , N B < ∞. We will fix in the 'local Hilbert spaces' H A , H B orthonormal bases {|n } n=1,...,N A and {|ν } ν=1,...,N B , respectively (notice that we use Latin indexes for the subsystem A and Greek indexes for the subsystem B). Then, a state vector |ψ ∈ H of the composite system can be written as |ψ = n,ν ψ nν |n |ν . It is clear that one can regard the components of the vector |ψ in the given basis as the entries of a N A × N B matrix ψ:
here notice that the Latin and the Greek indexes play respectively the role of row and column indexes of the matrix ψ. For instance, in the simplest case of a two-qubit system -i.e. H A ∼ = H B ∼ = 2 -with a state vector
is associated a 2 × 2 the matrix
As it is well known, a Schmidt decomposition (non-uniquely determined) of the state vector |ψ comes from a singular value decomposition (SVD) [20] of the matrix of coefficients (2):
where U and V are respectively N A × N A and N B × N B unitary matrices, while ∆ is a N A × N B matrix with non-negative real entries and, precisely, with the only non-vanishing entries along the principal diagonal. Setting d ≡ min{N A , N B }, one can choose the unitary matrices U, V in such a way that the diagonal entries (δ 1 , δ 2 , . . . δ d ) of ∆ -the 'singular values' of ψ -are arranged in non-increasing order: δ 1 ≥ δ 2 ≥ · · · ≥ δ d (we will always follow this convention for the singular values). The SVD (5) allows to write the state vector |ψ in the Schmidt canonical form:
where r is the Schmidt rank of the vector |ψ (observe that r = rank(ψ)), and the sets of vectors {|φ 
hence:
Notice that the positive real Schmidt coefficients {δ k } r k=1 are only constrained by the normalization of the state vector |ψ to fulfill the condition: k δ 2 k = 1. We stress also that, although the matrix ψ depends on the choice of the orthonormal bases {|n } n=1,...,N A and {|ν } ν=1,...,N B , its singular values -i.e. the Schmidt coefficients of |ψ -are basisindependent.
The separability of pure states is related with the Schmidt coefficients: separable states have only a single non-vanishing Schmidt coefficient, i.e. (δ 1 , δ 2 , . . . , δ d ) = (1, 0, . . . , 0) (in this case, r = rank(ψ) = 1); on the other hand, maximally entangled pure states have Schmidt
In the general case, one can consider the Schmidt rank r = rank(ψ) as an entanglement estimator (see [21, 22] for an extension of this approach to density operators).
In order to highlight the link between the Schmidt decomposition and the RC, it is convenient to describe the pure state |ψ as a density operator (precisely, as a rank-one projector):ρ
hence, with respect to the fixed orthonormal basis {|n |ν } in H, the pure stateρ ψ is now identified by the 
where the double indexes (mn) ↔ N A (m−1)+n and (µν) ↔ N B (µ−1)+ν refer respectively to rows and columns of the matrix ρ R ψ . Thus, with the density matrix ρ ψ , is associated the realigned matrix ρ R ψ having precisely the same entries, but arranged in a different way. It is immediate to check that -denoting by the symbol ⊙ the Kronecker product of matrices (in order to avoid confusion with the tensor product ⊗ of the subsystems A and B) and by M * the complex conjugate of a matrix M (rather than the adjoint, which will be denoted by M † ) -the following relation holds
Hence, considering the SVD (5) of the matrix ψ, and using the mixed product property of the Kronecker product, we obtain the following SVD of the realigned matrix:
where we have taken into account that ∆ = ∆ * . Therefore, if the Schmidt coefficients of the state vector |ψ are {δ k } d k=1 , then the associated realigned matrix ρ R ψ has singular values coinciding with the principal diagonal entries of the matrix ∆ ⊙ ∆; namely:
Notice that the rank of the realigned matrix ρ R ψ is given by:
Moreover, denoted by · tr the trace norm, we have that
Thus, the inequality (15) is saturated if and only if the pure stateρ ψ is separable:
For example, in the case of a two-qubit system, the density matrix ρ ψ associated with the state vector (3) has the following form: 
The corresponding realigned matrix is 
Hence, if the singular values of the matrix ψ are (δ 1 , δ 2 ), the realigned matrix (18) has singular values (δ
. If the Schmidt rank of the state vector |ψ is r, then the rank of the realigned matrix ρ R ψ is R = r 2 ∈ {1, 4}. Ifρ ψ is a separable pure state, then ρ R ψ has only one non-vanishing singular value, i.e. {λ (hk) } = (1, 0, 0, 0) and R = 1; moreover: ρ R ψ tr = 1. If, otherwise,ρ ψ is entangled, then R = 4 and ρ R ψ tr > 1; in particular, for a maximally entangled pure state we have: {λ (hk) } = (1/2, 1/2, 1/2, 1/2) and ρ
Having established a relation between the separability of pure states and the singular values of the associated realigned matrices, we now proceed to extend this relation to a generic density operator in
The first step is to observe that the association of a realigned matrix with a density operator is a straightforward generalization of the association introduced for pure states. Let ρ be a density operator in H A ⊗ H B (ρ ≥ 0, tr(ρ) = 1), and let ρ denote the corresponding density matrix with respect to the fixed product basis {|n |ν } in H A ⊗ H B :
where ( 
It is clear that the associationÂ → A R (relative to the fixed product basis in H A ⊗ H B ) is actually well defined for any linear operatorÂ in H = H A ⊗ H B .
For example, in the case of a two-qubit system, with a density matrix 
The next step is to observe that there is a precise link between the singular values of the realigned matrix ρ R and the Schmidt coefficients of the density operatorρ. Indeed, let us denote byĤ,Ĥ A andĤ B the Hilbert spaces of linear operators in H, H A and H B , respectively, endowed with the Hilbert-Schmidt (HS) scalar product (we are dealing with finite-dimensional vector spaces). Then, we have that
and one can consider the Schmidt decomposition of a density operatorρ ∈Ĥ with respect to the tensor product decomposition (23). To this aim, let us fix a product (orthonormal) basis in the Hilbert spaceĤ =Ĥ A ⊗Ĥ B . It will be convenient to choose the basis formed by the partial isometries:
with m, n = 1, . . . , N A , µ, ν = 1, . . . , N B . At this point, we can write:
where the coefficients of the expansion (25) are given by
Hence, recalling relation (20) . This fact will be used in Sect. 3. The last step is to extend the characterization of separable pure states in terms of the singular values of the associated realigned matrices to all states. Using Proposition 2, one easily gets to the RC. The RC provides a necessary condition for the separability of bipartite quantum states, which is known to be independent of the PPT criterion [16] . The RC relies on the evaluation of the trace norm of the realigned matrix ρ R , which is equal to the sum of the singular values of ρ R . We stress that, ifρ is a mixed (i.e. non-pure) state, then the SVD ρ R = U Λ V, with singular values {λ k } k=1,...,d 2 , does not present the simple Kronecker product structure as in (13) .
In order to obtain the RC, we argue as follows. Denoted by · tr the trace norm, we have:
Now, in the special case of a simply separable stateρ =ρ A ⊗ρ B , we have that the Schmidt coefficients ofρ (equivalently, the singular values of ρ R ) are given by:
where we denote by · Ĥ (alternatively, by · Ĥ A and · Ĥ B ) the HS norm inĤ (respectively, inĤ A andĤ B ). Observe that the following relation holds:
Therefore, the Schmidt coefficients ofρ are characterized by the relations 
The inequality (32) is saturated if and only if the simply separable stateρ is pure:
Since separable states are convex superpositions of simply separable states, we can exploit Proposition 3 in order to obtain a separability criterion. To this aim, it will be convenient to introduce the following notations. Denoted by M (N 1 , N 2 ) the vector space of N 1 × N 2 complex-valued matrices, we define the linear application
At this point, given a density operatorρ ∈Ĥ -separable with respect to the tensor product decomposition H = H A ⊗ H B , i.e.
with p i > 0 and i p i = 1 -we can apply the inequality (32) (for a simply separable state) and the triangle inequality:
We have thus obtained the following result: 
The inequality (37) is saturated if the separable stateρ is pure.
A new class of separability criteria
In the present section, we will derive a new class of separability criteria. We will use arguments analogous to the one adopted for deriving the standard RC. We will keep the notations and the assumptions introduced in the preceding section. In particular, for any linear operatorÂ in H, we will denote by RM(Â) the realigned matrix associated withÂ, relatively to an arbitrarily fixed product orthonormal basis in H (recall also that RM :
) is a linear map). In view of the separability criteria introduced below, we stress also that the (easily computable) positive number RM(Â) tr is equal to the trace norm of the matrix of coefficients ofÂ -regarded as a vector ofĤ A ⊗Ĥ B -with respect to any product orthonormal basis inĤ A ⊗Ĥ B (as we have seen, RM(Â) is the matrix of coefficients associated with a basis of the special type (24)). Moreover, it is also worth mentioning the fact that the map
is a norm (actually, it is a cross norm onĤ A ⊗Ĥ B ; see [17] ). In the following, we will denote by D(H) (D(H A ), D(H B ) ) the convex subset ofĤ (respectively, ofĤ A ,Ĥ B ) consisting of all density operators in H (respectively, in H A , H B ).
Letρ ∈ D(H) be a separable state in the bipartite Hilbert space H = H A ⊗ H B , with a separability decomposition of the form
where:
Let us denote byρ A ,ρ B the marginals (reduced density operators) ofρ, namely:
Now, given linear or antilinear (super-)operators
-precisely: we require them to be jointly linear or antilinear, i.e. either all linear or all antilinear, in such a way that one can consistently define tensor products and sums -we will associate withρ the linear operatorρ(E
It is easy to check that the following relation holds:
where the symbol (A → B) denotes repetition of the preceding term with the substitution of the subsystem A with the subsystem B (all the rest remaining unchanged). For instance, we have:
where, since p i ∈ R, both linearity and antilinearity work without distinction. At this point, in order to generalize the RC, we argue as follows. First, observe that
where for obtaining the last line we have used the triangle inequality. Next, consider that the Schmidt coefficients of the operator (E
since the Schmidt decomposition of this operator consists of a single term. Hence, we have:
where ·, · Ĥ A is the (Hilbert-Schmidt) scalar product inĤ A . Thus, if we assume that
, we find the following estimate:
Eventually, from inequalities (46) and (50), we get:
where the second inequality above follows from the Cauchy-Schwarz inequality.
In conclusion, we have proved the following result:
Theorem 2 ('generalized RC') Letρ be a state in H = H A ⊗ H B and
jointly linear or antilinear operators such that
, and consider the linear operatorρ(E 
Theorem 2 provides a whole new class of separability criteria. It is clear that in the r.h.s. of each of inequalities (53) one may set an arbitrary strictly positive number different from two (which would then suitably appear in the r.h.s. of inequality (55)), but obviously this would be just a rescaling which would not lead to a different class of separability criteria.
Notice that, since the HS norm of density operators is not larger than one, condition (53) is satisfied if for the norm of the (super-)operators {E A k , E B k } k=1,2 the following inequalities hold:
in particular, if the norm of the operators {E 
. One can assume, in particular, that they are trace-normnonincreasing on positive operators (since the Hilbert-Schmidt norm is majorized by the trace norm); for instance, positive trace-preserving linear maps.
Another natural choice consists in taking linear or antilinear operators {X Suppose, in particular, that the operators {X
are linear. In this case, taking into account the fact that (due to a well known relation between the standard operator norm · and the HS norm) 
and consider the linear operatorρ(X 
with all the remaining operators equal to the identity, we find the following result: 
for any θ ∈ [0, π], whereρ A andρ B are the marginals ofρ.
Notice that for θ = π/2 we have the standard RC. For θ = π, we recover the result obtained in ref. [18] , where it is shown that the separability criterion associated with inequality (65) -with cos θ = −1 -is actually stronger than the standard RC.
Conclusions
In the present paper, we have introduced a new class of separability criteria for bipartite quantum systems. Each criterion corresponds to a choice of suitable linear or antilinear (super-)operators {E A k } k=1,2 and {E B k } k=1,2 , respectively in the Hilbert-Schmidt spacesĤ A andĤ B associated with the 'local subsystems' A and B of the bipartite quantum system; see Theorem 2. An interesting subclass of criteria are parametrized, in a natural way, by θ ∈ [0, π]; see Corollary 2. This subclass contains, in particular, the standard RC (θ = π/2), and a separability criterion (θ = π) which is the main result obtained in ref. [18] , where it is shown that this criterion is actually stronger than the RC. We thus expect the new class of separability criteria introduced here to be, in general, independent of the RC.
We stress that all the new criteria are, in principle, practically implementable, since they involve easily computable quantities related to the density matrix and its marginals. Future work will be devoted to provide examples and new results concerning the class of separability criteria introduced in the present paper.
